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ABSTRACT 

We examine the problem of constructing three generation free fermionic 
string models with grand unified gauge groups. We attempt the construc- 
tion of G x G models, where G is a grand unified group realized at level 
1. This structure allows those Higgs representations to appear which are 
necessary to break the symmetry down to the standard model gauge group. 
For G = SO (10), we find only models with an even number of generations. 
However, for G = SU(5) we find a number of 3 generation models. 
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1 Introduction 



The apparent unification of the gauge couplings of the MSSM is a suc- 
cessful prediction of supersymmetric grand unified theories. In string the- 
ory, the unification of coupling constants is also predicted @, although at a 
scale about one order of magnitude higher than the 3 • 10 16 GeV indicated by 
experiment H . This discrepancy may be the result of threshold corrections 
or charged matter at an intermediate scale modifying the naive prediction 
(for a recent review see |EJ), or a nonstandard normalization of the U(l) 
hypercharge ||. It is also possible that the string theory leads to a grand 
unified group which is spontaneously broken below the string scale. This has 
motivated a search for realistic string models featuring grand unified (GUT) 
groups. 

It has been known for some time that the incorporation of grand unifi- 
cation within string theory poses challenges. The most basic representations 
of gauge symmetries on the string world sheet, the k = 1 representations, do 
not allow for scalars in the adjoint representation, necessary for the breaking 
of GUT symmetry, at the same time as chiral fermions|| |7|, This prob- 
lem can be overcome by the construction of string models with gauge groups 
realized at k > 2. Although such constructions are technically complicated, 
models have been constructed both in the orbifold and free-fermion formu- 
lations which feature the basic ingredients of a realistic GUT group (5*0(10) 
or SU(5)) adjoint Higgs scalars and chiral fermions|8|, ||, |TC| . 



One feature which has proven difficult to obtain in these models is the 
correct three-fold replication of chiral fermion families. To date, a variety of 
non-unified or semi-unified level 1 three generation string models have been 



constructed in the literature JTTJ, [12|, [T3|, [TJ|, [L5|, [16j . Methods for constructing 
such models in the free-fermion or orbifold frameworks are well established. 
However, despite effort by a number of groups |It], |TS], |T9|] , there exist 
no examples in the literature of consistent string GUT models with three 
generations. 

In this paper, we will focus on the specific problem of constructing a 
string model which combines grand unification with three generations of 
chiral fermions. We will approach the problem from a practical point of 
view, attempting explicit constructions using the free-fermionic formulation 
for string compactifications. Rather than constructing k = 2 models, we 
will follow the suggestion of [[17], |Cj, [0| and construct models which con- 
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tain a direct product of gauge factors G{ > 577(5), each realized at level 
1, with massless scalars transforming as vectors simultaneously under two 
groups. Vacuum expectation values (VEV's) for these fields can then break 
the gauge group down to the standard model embedded in a diagonal sub- 
group. For example, we will attempt to build SO (10) x SO (10) models with 
a (10,10) representation, or SU(5) x SU(5) with (5,5) + (5,5). A VEV 
along the D-flat direction 

(H l3 ) = (By) = diag(X, X, X, Y, Y). (1) 

with X ~ Y ~ M GUT , Y ^ X, would break 5*7(5) x 5f/(5) down to the 
diagonal subgroup (SU(3) x 577(2) x [/(l))^, and the three standard model 
gauge couplings would be unified at X, even if the couplings of the two SU(5) 
factors were not equal. This mimics a conventional GUT group, with the 
mixed representations H, H playing the role of the adjoint Higgs. For these 
reasons we will refer to these models as "unified" models even though the 
GUT group is not simple. The fact that such models can be built with level 1 
representations allows us to avoid much of the technical baggage associated 
with higher level models and concentrate on obtaining three generations. 
Sting models featuring this construction have been investigated extensively 



by Maslikov et. al. [19 



We will organize our discussion as follows. In Sections 2 and 3, we 
will review the technique employed in constructing level 1 three generation 
free fermion models, constructing SO (10) and SU(5) models without Higgs 
scalars as a demonstration. In Section 4, we will apply this technique to 
models with the enlarged gauge sector SO (10) x SO (10) with (10, 10) Higgs 
representations, and study the complications which arise. Finally, in Section 
5, we will identify a construction which allows us to obtain a three generation 
spectrum in SU(5) x SU (5) models, and we will present a number of explicit 
models. 



2 Free Fermion Conventions 

In free fermion models, the string degrees of freedom needed to cancel the 
conformal anomaly consist of 20 real right moving (10 complex) and 44 real 
(22 complex) left moving free fermions. The rules for the construction of con- 
sistent free fermion string models were worked out in |^T[ |22|]. We will follow 
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the conventions of pi |, where the boundary conditions imposed upon free 
fermions under parallel transport about noncontractable loops are expressed 
in terms of vectors V such that — > — e~ 2ntV W, where — | < Vj 1 < \. The 
boundary conditions are generated by a set of basis vectors V$. Let m ; be the 
smallest integer for which m^Vi = (mod 1). Then the basis vectors must 
satisfy 

rmVi ■ Vj = rrijVi ■ V} = (mod 1) (2) 
2m,y { ■ Vi = (mod 1), (3) 

where dot products are defined with Lorentzian signature 

^•^ = -E*^ + E*W ( 4 ) 

right left 

(Si = 1/2 for a real fermion, 1 for a complex one). Phases appearing in the 
partition function are defined in terms of an auxiliary matrix kij, satisfying 

ky + kji = Vi ■ Vj (mod 1) (5) 
rrijkij = (mod 1) (6) 

hi + k i0 + 8i--Vi-Vi = (mod 1) (7) 

Note that represents the boundary condition for the spacetime free fermion. 
To specify a string model, one must specify both the set of basis vectors 
and the fc-matrix. We will follow the convention of stating the nonvanish- 
ing lower half-diagonal fc-matrix elements, allowing the full /c-matrix to be 
reconstructed using the above equations. 

Every set of boundary conditions generated by linear combinations of the 
basis vectors defines a different sector of the Hilbert space of string states. 
States to be identified with physical particles must satisfy m 2 = H L = H R , 
where H L , H R are the left and right moving worldsheet Hamiltonians. The 
vacuum energy of H L is 

E L ,' V = ~ + E k(V 1 ) 2 - hSi- (8) 

and a similar equation holds for Er. Physical states must also satisfy a 
generalized GSO projection for each basis vector: 

Vi ■ N aV = E kij a j + Si — Vi ■ aV (mod 1) (9) 
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where N a y is the vector of fermion excitations in the sector V = J2i a iVi- 

Following standard notation, taking a "1" to represent V = —1/2, we 
take 

V = (1 20 |1 44 ) 

as our first basis vector. We will choose as our second basis vector the 
conventional choice for the gravitino sector 

V\ = (1 2 (100) 6 |0 44 ). 

We choose the standard form of the worldsheet supercurrent 

T F = frdx„ + iJ2xiyiui- (io) 
i 

which must also be preserved by boundary conditions. We will use only 
periodic and antiperiodic boundary conditions for the supersymmetric side 
of the string, for which the "triplet constraint" 

V j (xd + Vj(y i )+V j (Q i ) = 3 j (modi), (11) 

is sufficient to guarantee superconformal invariance. 



3 The standard mechanism for three genera- 
tions 

The three generation free fermion models existing in the literature are based 



on a set of basis vectors known as the "NAHE" set 12, 14 



V 2 = (1 C (100) 2 (010) 2 (010) 2 |(00) 2 (10) 2 (10) 2 1 10 (100) C 16 ) 
V 3 = (1 C (010) 2 (100) 2 (001) 2 |(10) 2 (00) 2 (01) 2 1 10 (010) C 16 ) 
V 4 = (1 C (001) 2 (001) 2 (100) 2 |(01) 2 (01) 2 (00) 2 1 10 (001) C 16 ) (12) 

where we have used the notation 

Vi = (Siixiv&i) ■ ■ ■ Ki/iwi) • • • ^(vimm)^). 

The subscript "c" denotes boundary conditions for complex, as opposed to 
real, fermions. The group of ten fermions with identical boundary conditions, 
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leads to an SO (10) gauge group, while \l/£ 6 generate an SO (16) group 
(which may be enhanced to E& by gauge bosons from twisted sectors). Also 
note, at this stage, each rji will pair up with some y^s and tUj's to form an 
SO(6) 3 horizontal gauge group. Thus the total gauge group is SO (10) x 
E 8 x SO(6) 3 . This set of basis vectors has been used as the starting point 
for standard-like and "flipped" 577(5) models; the origin of three generations 
in these models is studied in |23], |24jj. It will be instructive to ignore for 
the moment the complications which follow from the need for adjoint Higgs 
scalars and see what is involved in building a three generation SO (10) (or 
SU(5)) model based on the above basis vectors. 

The above three basis vectors represent the three distinct classes of right- 
hand-side boundary conditions one can have, which correspond to the three 



twists of the Z 2 x Z 2 orbifold |24| (H ),( — I — ), and ( h) respectively, 

acting on three 2-tori. This set of twists breaks the N = 4 supersymmetry 
to N = 1. In the standard approach, these three distinct twists are to be 
the origin of three generations, one generation arising from each. Each of the 
above sectors, ^,3,4, has been chosen to give massless chiral fermions in the 
16 representation of SO (10). Take sector V 2 for example. The vacuum energy 
is (Er,El) = (0,0), so unexcited states from this sector are massless. The 
fermion zero modes of \1/^ realize spinor representations of 50(10) (16's and 
16's). However, there are additional zero modes, the zero modes of Si, Xi,2i 
2/3-6? 2/3-6, an d T]i- Prior to the GSO projections, the original Clifford vacuum 
has dimension 2 11 = 2 6 16+2 6 16 for each spacetime chirality. We can group 
the anticommuting fermion zero modes into sets of commuting operators, 
r° = 5*5, T 10 = il\ a ^a°y ^XiX2, WiVi, an d ViVii whose eigenvalues will 
label the degenerate states. Modulo 1, the eigenvalues of these are related to 
fermion excitation numbers appearing in Eq. @ by |2l| 



-(1-1^) = TV; modi. (13) 

The eigenvalue of T 10 determines the 50(10) chirality (16 vs. 16), while 
that of r° determines the spacetime chirality. The GSO projection due to 
V3 (or V4) (Eq. (|)) correlates 5O(10) chirality with spacetime chirality for 
massless states; only left-handed 16's and right handed 16's survive from this 
sector. The value of ixiX.2 is also tied to spacetime chirality. We are left with 
the five internal fermion operators iy~iyi, i = 3 ... 6, and rjlrji, satisfying the 
constraint r)'T] Yli(iyiyi) = +1. This leaves an overall degeneracy of 2 5_1 = 16 
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for every chiral 16. They can be shown to transform as two copies of 4 + 4 
under the SO (6) horizontal groups. 

At this stage, the model has a total of 48 generations. To reduce this 
number, one must add additional basis vectors, such that only one replication 
of 16 survives GSO projections in each of the above sectors. In choosing 
additional basis vectors, it is simplest to preserve the pairing between left and 
right moving fermions, Vijj 1 ) = V^y 1 ), V(Q I ) = V(u/). We could alternately 
choose boundary conditions which broke this pairing, instead pairing on the 
left and right sides separately giving models with complex fermions^. Because 
of the Lorentzian signature of the dot product, Eq. |], the left-right paired 
basis vectors automatically satisfy Eqs. || We may choose, for example: 

V 5 = (0 C Oil 000 000 000 000 011| 11 00 00 00 00 11 10 0^0 16 ) 
v 6 = (0 C 000 011 011 000 000 000|00 11 11 00 00 00 10 0^0 16 ) 
V 7 = (0 C 000 000 000 011 011 000|00 00 00 11 11 00 10 0^0 16 ). 

This set of twists in the internal fermions breaks the horizontal symmetry 
SO(Q) 3 — > U(l) 6 ; the six remaining U (1) currents are rjjiji, and three currents 
associated with the internal fermions, J\ = iy^ys, J 2 = iyi^e, J3 = ^2^3 • 
There is now only a two-fold degeneracy, corresponding to the two different 
eigenvalues of the current iy&y5 = ±1. V3 and V4 are similar, each having a 
16± under their corresponding U(l)'s. This model now has 6 generations. 
Note that, with the addition of these basis vectors, new sectors containing 
massless nonchiral 16 + 16 pairs have appeared, for example V2 + V7, V3 + V5 
and V^ + Vq. 

To make the final reduction to three generations, we can attempt to add 
another left-right symmetric vector which breaks down the internal [/(l)'s 
labeling the degenerate 16's. Such a vector is, for example: 

V 8 = (0 C 011 000 011 000 011 000|11 00 11 00 11 00 10 0^0 16 ). 

This vector indeed leaves only one 16 from each of the three sectors V2, V3, V4. 
However, we find the unpleasant feature that new, unwanted chiral 16's have 
popped up in other sectors. In this example, with the minimal fc-matrix 
O21 = hi = hi = 1/2), sectors V 2 + V 5 + V 7 + V 8 , ^3 + ^5 + ^ + V 8 and 

^ third choice taking fermions with unpairably real boundary conditions, will 

not be used here. 
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V4 + Vq + Vf + Vs yield 16's, resulting in net chiral generations. Changing 
the /c-matrix to k 72 = k 74 = fc 8 3 = 1/2 we find 16's in V2 + V5 + Vg, V3 + V6 + V8 
and a 16 in V4 + V? + Vg, for 4 net generations. For all allowed choices of fer- 
tile number of generations is even. 

The appearance of unwanted states when new projections are added is 
the complication that makes obtaining three generations so challenging. One 
strategy for curing this problem is to include, in the basis vectors added 
after the NAHE set, additional twists for the "hidden sector" fermions. Since 
Ramond boundary conditions raise the vacuum energy of a sector (Eq. ||), 
this will have the effect of raising the mass of states from sectors involving 
this twist. Such a twist will not, however, be left-right symmetric, and the 
constraints of Eqs. |^ will be more restrictive. For real fermions with 0, 1/2 
boundary conditions, the number of (real) unpaired 1/2 's must be equal to 
mod 8, and the number of (real) 1/2's overlapping between two different 
vectors must be mod 4. A sample solution is 

v 7 = (0 C 000 000 000 011 011 000 1 00 00 00 11 11 00 10 0^0 4 1 4 1 4 4 ) 
V 8 = (0 C 011 000 011 000 011 000 1 11 00 11 00 11 00 10 0^1 4 1 4 4 4 ). 

These vectors remove the unwanted massless states and leave precisely three 
16's. Note the price we had to pay was breaking apart our "hidden sector" , 
which was broken down to SO(4) A (although it can be enhanced by twisted 
sector gauge bosons). 

An alternate mechanism for breaking the degeneracy is, instead of break- 
ing the horizontal U(l) currents, to break their pairing with right-moving 
counterparts. We may add a twist which is embedded in the internal U(l)^s, 
which label the two 16's in a given sector, but not their right-moving counter- 
parts. As this is left-right asymmetric, the constraints in Eqs. |3| will be more 
difficult to satisfy; in fact, we cannot satisfy them with only 0, 1/2 bound- 
ary conditions. To find solutions, we must include 1/4 twists, which loosen 
the constraints somewhat (4VJ • Vj = mod 1 instead of 2Vi -Vj = mod 1). 
However, the V -V constraint Eq. |3], will restrict the number of 1/4 boundary 
conditions which can appear. We must have 

4V -V = Ni +- ■ Ni = (mod 2), (14) 

where Ni, Ni are the number of complex fermions with 1/2 and 1/4 bound- 
ary conditions respectively. If we wish the vector to include 3 asymmetric 
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1/2's, then the number of 1/4's must be an odd multiple of 4. Thus, letting 
"+" represent V = 1/4, we add the vector 



V 7 = (0 (000) 6 |10 01 01 10 10 01 +1 +1 +1 oj) 



to Vo — Vq. The 1/4's in this vector break the 5O(10) gauge group to SU(5). 
In the process, the 16's are broken into their components 1 + 10 + 5 under 
SU(5). The equation determining which states survive projection is: 

^Nj + - A N b = Y^k 7iai (modi) (15) 

where Nj is the excitation number for the internal U(l) labeling the degen- 
erate 16's, and N 5 is the excitation number in the SU(5) sector, equal to 
for the 1, 2 for the 10 and 4 for the 5. Thus, assuming J2i = 0, from 
16±, a 1 + 5 survives from 16+ and a 10 from 16_, leaving one complete 
SU(5) multiplet from each of three sectors. Note that to preserve modular 
invariance, we were forced to break the hidden sector gauge group also to 
£7(4) x 5*0(8). This is the mechanism used to build three generation "flipped" 



SU(5) models [fL2jl - Note that, in both this approach and the previous one, 
the "hidden" sector fermions played an important role in allowing us to make 
the final reduction to three generations. 



4 50(10) x 50(10) Models 

To attempt a generalization of the above approaches to a unified model with 
adjoint Higgs representations, we must do two things: enlarge the gauge 
group to 50 (10) x 5O(10), and insure that mixed Higgs representations 
such as (10, 10) actually exist. The first is easy to accomplish; we just 
take a second 50(10) from the 50(16) hidden sector of the above models. 
However, the second feature requires a substantial modification. This Higgs 
representation transforms as a vector under two gauge groups simultaneously; 
it must be created by exciting two fermions, one carrying the vector index 
under each group, entailing a large excitation energy. If we limit ourselves 
to 0, 1/2 boundary conditions, both fermions must have NS boundary con- 
ditions, and the energy associated with the two fermion excitations will be 
+1. For the state to be massless, it must therefore arise from a sector with 
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ground state energy El = —1. The natural candidate for this sector is the 
Neveu-Schwarz sector, V = 0, with (Ep, El) = (—1/2, —1). We will attempt 
to arrange our basis vector such that there is a surviving state of the form 

x'-i/Mr^-i^-i/Ml (16) 

which transforms as a (10, 10) under SO (10) a x £O(10)#. 

We immediately run into a problem, though, with the set of basis vectors 
used in the previous section, the NAHE set. This set of vectors automatically 
projects out any states in the NS sector which would transform under both 
the original 50(10) and a group coming from the hidden sector. Explicitly, 
the projections must include the sum 

^0 + ^2 + ^ + ^4 = (0 C 1S |0 12 10 0^1 16 ). 

This enforces a projection that requires an even number of fermionic exci- 
tations in the SO (16) sector, thus eliminating the mixed states. Clearly we 
must modify this set of vectors. 

The fact that mixed representations are projected out of the untwisted 
sector is a manifestation of the fact that models based on the NAHE set are 
compactifications of the Eg x E 8 string. Progress can be made by finding a 
set of vectors which correspond instead to a compactification of the SO (32) 
string^. This is accomplished with the set: 

V 2 = (l c (100) 2 (010) 2 (010) 2 I (00) 2 (10) 2 (10) 2 1 10 10 10 1 C ) (17) 
V 3 = (l c (010) 2 (100) 2 (001) 2 I (10) 2 (00) 2 (01) 2 10 l 10 10 l c ) (18) 
Vp = (0 C (000) 2 (000) 2 (000) 2 I (00) 2 (00) 2 (00) 2 1 10 1 10 1 10 1 C ). (19) 

Vo, V\ and Vp produce a toroidal compactification of the £0(32) string (with 
background fields). The vectors V 2 , V3 provide the Z 2 x Z 2 orbifold twists 
that reduce the N = 4 supersymmetry to N = 1, as was the case for the 
NAHE set. However, they differ now in that each twist is embedded in a 
different £O(10) factor, in the process breaking £0(32) -> £O(10) 3 x 17(1). 
The vector Vp is just the standard GSO projection of the ten dimensional 
£0(32) string. 

2 The advantage of using the SO(32) string has also been observed in ]io| . 
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An examination of the projections in the NS sector now reveal that the 
states 

X^ /2 |0>^%^ 2 |0> L , (20) 
X%\0)r*%*%\0)l, (21) 

and 

X 5 Ji /2 |0)^^ 2 *^ 2 |0) L (22) 

survive, providing the full set (10, 10, 1) + (10, 1, 10) + (1, 10, 10) necessary 
for breaking ,SO(10) 3 -> SO(10) D . 

The sectors V 2 , V 3 , and V + V 2 + V 3 provide (16, 1, 1), (1, 16, 1), (1, 1, 16) 
representations respectively, becoming chiral generations under SO(10)d- 
Each is replicated 8 times per sector. As in the previous section, we may 
reduce this degeneracy by adding left-right paired vectors which break the 
horizontal symmetries. Adding 

V 4 = (0 C Oil 000 000 000 000 011 | 11 00 00 00 00 11 10 3 16 ) 
V 5 = (0 C 000 011 011 000 000 000 I 00 11 11 00 00 00 10 3 16 ) 

breaks down the horizontal symmetry to U(l) 3 , and leaves a 2-fold degener- 
acy in each sector associated with the generational U(l) charge iy^y^ for V 2 , 
iyiUjQ and iu 2 u 3 for V3 and V 2 + V3 + Vq respectively. This again leaves a total 
of six chiral generations. Adding further projections, to reduce this number, 
again produces unwanted states in new sectors. In the previous section, we 
saw that this could be circumvented by making proper use of the hidden 
sector. However, in these models, with the extended gauge sector, there is 
essentially no hidden sector left, and we cannot apply the tricks used in the 
previous section. All examples we have constructed have an even number of 
generations. 

All our attempts to use the standard Z 2 x Z 2 mechanism for generating 
three generation models fail, and we must look for an alternate method. 
We will take the approach of only using two of the three Z 2 x Z 2 twisted 
sectors for chiral generations, and not attempting to treat the different sectors 
symmetrically (i.e., have two generations associated with one twist, one with 
the other). We start with the basic set defined above, producing S'O(IO) 3 , 
with 8 16's per sector. We will add additional vectors which preserve the 
first two SO(l0ys, and preserve the (10, 10) representations in the untwisted 
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sector, but we will allow ourselves the freedom to break apart the third 
SO(10). 

The number of massless 16's coming from a given sector is 2 7- ™ 1 where rii 
is the number of independent projections imposed on the zero modes by the 
generalized GSO projections (assuming 0,1/2 boundary conditions). Since 
this is a power of two, if we are going to have an odd number of 16's (three), 
there must be at least one sector for which n« = 7. This requires that at 
least three additional vectors be added to the above set. 

We will attempt to add additional vectors such that sector V3 has n = 7 
and V 2 has n — 6. We add, to V 2 , V 3 , Vp, the vectors 

V 4 = (0 C 011 000 000 000 000 011 I 11 00 00 00 00 11 10 10 (0 4 2 ) c ) 
V 5 = (0 C 000 011 011 000 000 000 1 00 11 11 00 00 00 10 10 (l 4 2 ) c ) 
V 6 = (0 C 011 000 011 000 000 000 | 11 00 11 00 00 00 10 10 (0 4 2 ) c ). 

With this set of basis vectors, the gauge group has been broken to 5O(10) 2 x 
5*0(8) x U(l) 3 . Unfortunately, the available "hidden sector" has not provided 
enough freedom to inhibit additional chiral sectors from appearing. We find 
a total of four sectors for which = 7; writing them as V = J2i a iVi these 
sectors are 

a 1 = (0,0,0,1,0,0,0,0) 
a 2 = (0,0,0,1,0,1,1,1) 
a 3 = (0,0,0,1,1,0,0,0) 

a 4 = (0,0,0,1,1,1,1,1) (23) 

where 

a = (a , cki, a 2 , a 3 , a 4 , a 5 , a 6 , «p). (24) 
In addition, there are four sectors for which rii — 6, 

a 5 = (0,0,1,0,0,0,0,0) 

a 6 = (0,0,1,0,1,0,1,0) 

a 7 = (1,1,1,0,0,1,1,0) 

a 8 = (1,1,1,0,1,1,0,0). (25) 

We refer to these as being degenerate sectors, because they produce multiple 
16's. In these sectors, some of the projections on the massless states in 



11 



these sectors are redundant. Then, if the fc-matrix is chosen such that the 
redundant projections are incompatible, all massless states from the sector 
can be eliminated. However, eliminating one of these sectors only changes 
the net number of chiral 16's, N(1G) — iV(16), by an even number (two). 
For the sectors a 1-4 , all projections are independent, and it is impossible 
to eliminate the 16 coming from this sector by altering the k- matrix. One 
can change the chirality of the 16 from one of these sectors, but again, this 
changes the net number of AT (16) — iV(16) by two. Clearly, if there is to be 
an odd number for iV(16) — iV(16), the number of sectors for which rii = 7 
must be odd. 

Unfortunately, it seems to be a generic property of basis vectors within 
this framework that massless sectors with n« = 7 always occur in sets of 
4. We have not been able to construct examples for which this is not true. 
Thus, it does not seem possible to obtain three generation models based on 
SO (10) x 5*0(10) within our framework. 



We will attempt to get around this obstruction by breaking SO(10) 2 — > 
SU(5) 2 . We note that if the vector Vp is converted to a 1/4 moded vector, 
breaking S'O(IO) — > S77(5), the projection acting on a 16 will not leave a 
complete multiplet. If we replace Vp with 



(Vp = 2Vj, so all the above sectors are still here), the projection will be of 
the form 



Depending on whether the right hand side equals 1/2 or 0, either a 10 or 1 + 5 
will survive. Of course, both a 10 and a 5 are needed to make a complete 
family. Since string theory does not have nonabelian gauge anomalies, if 
a 10 arises in one sector, a 5 (or 10) must show up somewhere else?]. In 

3 It is also possible that (5, 5) representations would appear as part of the anomaly 
cancellation. These would transform as 10 + 15's under SU(5)d, which is unacceptable 
phcnomenologically. However, the appearance of these representations is easily prevented 
by an appropriate choice of the fc-matrix. 



5 577(5) x 577(5) Models 




(26) 



-N 5 = ^2aik 7i (modi). 



(27) 
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practice, it is easier to keep track of 10's; because two oscillator excitations 
are required to form a 10, these states generally only come from sectors with 
Ramond boundary conditions in the SU(5) sector; i.e. the 16 sectors of the 
original SO (10) model. Since only one excitation is needed for a 5, these can 
come from a variety of new sectors which have 1/4 boundary conditions in 
the SU(5) sector and have E L < —1/4. 

Our strategy then is to construct an even generational SO(10) 2 model, 
break SO(10) 2 — > SU(5) 2 , and use the freedom of the /c-matrix to control 
the number of 10's that appear in the original sectors of the SO(10) model, 
allowing the string to fill in the remaining 5's, such that a net total of three 
chiral families remain. Given that there are some 29 independent fc-matrix 
elements, it does not seem unreasonable that one could do this. 

Let us write down the fc-matrix equations which determine whether a 5 
or 10 survives in a given sector. We find: 

a 1 : = k 73 

a 2 : = k 73 + k 75 + k 76 

a 3 : = k 73 + k 74 

a 4 : = A; 73 + k 74 + k 75 + k 76 

must be satisfied for a 10 to survive. The above equations are valid modulo 
1. Recall that the above fc-matrix elements must be or 1/2 (see Eq. [7]). 
Unfortunately, we cannot find any set of k^s such that an odd number of 
the above equations are violated. This is because the above equations are 
not independent; adding the four of them gives zero mod 1. This is a direct 
consequence of the fact that c? = (mod 2), as can readily be seen from 
Eq. [23|. The set of massless sectors with rii = 7 closes under addition. This 
fact prevents us from finding a projection in which an odd number of 10's 
survive. This property holds even if we modify V 7 to include additional 1/2 
boundary conditions for internal fermions. In all cases, we are stuck with an 
even number of generations. 

To summarize, we have found that we are unable to break out of even 
numbers for iV(10) — iV(TO), because various fc-matrix equations degenerate, 
and this in turn follows from the fact that the set of sectors which produce 
massless 16's, both the nondegenerate and the degenerate ones, are sepa- 
rately closed under addition. This property seems to be common to all sets 
of basis vectors constructed within the framework of SO(10) 2 models with 
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left-right pairing. We have not encountered a set of basis vectors based on 



Eq. 19 and preserving the (10, 10) and the left-right pairing which does not 
have this property. 

However, we have made some progress, in that now we know exactly 
what feature to look for in a set of basis vectors as we enlarge the scope of 
our search: we must look for an 5*O(10) 2 model for which the set of non- 
degenerate 16 generating sectors does not close on itself. We have chosen 
vectors which maintain a left-right pairing until now, because it provides 
a convenient way of finding solutions to Eqs. However, this may be 
too restrictive. Notice that the triplet constraint, Eq. O, imposes severe 
restrictions on right-hand side boundary conditions, and these restrictions 
are carried over to the left-hand side by the left-right pairing. We will now 
consider models which are made purely of complex fermions, with no left- 
right pairing imposed. We start with the same set as before, now written in 
purely complex notation: 

V 2 = (1 100 010 010 I l 5 5 000001000011) 
V 3 = (1 010 100 001 I 5 l 5 000001001100) 
Vp = (0 000 000 000 I l 5 l 5 111111000000). 

We must find three additional vectors which satisfy Eq. |3|. Finding 
additional independent solutions of Eq. |3| becomes rather tedious as the 
number of basis vectors is increased, but can be done by computer. Here is 
a sample set of basis vectors which satisfies Eq. |3] and preserves the (10, 10) 
Higgs: 

V 4 = (0 000 000 000 I 5 5 100111110101) 
v 5 = (0 000 011 000 I 5 5 000110101110) 
V e = (0 000 000 000 I 5 5 111100001111). 

(28) 

This set gives the gauge group S'O(IO) 2 x SU(2) 2 x U(l) 10 . The following 
sectors give massless, non-degenerate 16's: 

a 1 = (0,0,1,0,0,0,0,0) 

a 2 = (0,0,1,0,0,0,1,1) 

a 3 = (0,0,1,0,0,1,1,1) 

a 4 = (0,0,1,0,1,1,0,0). 
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The following sectors provide degenerate 16's: 



a 5 = (0,0,0,1,0,0,0,0) 
« 6 = (0,0,0,1,0,0,1,1), 

and 16 + 16's come from: 

a 7 = (1,1,0,1,0,1,1,0) 
a 8 = (1,1,0,1,1,1,0,1). 

Once again, the number of non-degenerate 16 producing sectors is even, 
and it is impossible to obtain an odd number of 16's in an S'O(IO) 2 model. 
This is again seems to be true for all sets of basis vectors satisfying our 
constraints. However, there is an important difference between the above set 
of vectors and those of the previous example. One readily sees that 

4 

£ a* = (0,0,0,0,1,0,0,0) mod 2. (29) 
i 

The massless, nondegenerate sectors do not form a closed set by themselves, 
even though it is true that the larger set of massless sectors is closed; Yn ® l 
mod 2. This removes the obstacle we had encountered before in finding 
projections which left an odd number of 10's, after breaking 5*0(10) down 
to SU(5). 

Changing Vp to Vj as in Eq. (|26|) , 

V 7 = (0 10 | + 10 + + + + + + 000000) (30) 

the complete set of basis vectors is now 



v = 


(1 111 111 111 


l 5 l 5 111111111111) 


Vi = 


(1 100 100 100 


5 5 000000000000) 


v 2 = 


(1 100 010 010 


l 5 5 000001000011) 


v 3 = 


(1 010 100 001 


5 l 5 000001001100) 


v 4 = 


(0 000 000 000 


5 5 100111110101) 


v 5 = 


(0 000 011 000 


5 5 000110101110) 


v 6 = 


(0 000 000 000 


5 5 111100001111) 


v 7 = 


(0 000 000 000 


+ 5 + 5 + + + + + + 000000) 
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Table 1. SU(5) x SU(5) Spectrum for Model 1. 



Sector 


States 


Sector 


States 


00010000 


2x(10,l) 


00100000 


(1,10) 


00100003 


(1,5) 


00100012 


(io,i) 


00100013 


(5,1) 


00100112 


(5,1) 


00100113 


(1,5) 


00101100 


(1,10) 


00101103 


(1,5) 


01000001 


(1,5) + (5,1) 


01000003 


(1,5) + (5,1) 


10110110 


(5,1) + (1,5) 


10111000 


(5,l)+2x (1,5) + (1,5) 


10111010 


2x(5,l)+ (1,5)+(5,1) 


10111110 


(1,5) + (5,1) 


10111111 


(1,5) 


10111113 


(5,1) 


11010111 


(5,1) 


11010113 


(5,1) 


11011101 


(5,1) 


11011102 


(10,1)+(10,1) 


11011103 


(5,1) 


00000000 


(5,5) + (5, 5) 







The /c-matrix equations determining whether 10's or 5's survive in a 1 — a 4 
are: 

a 1 : = k 72 

a 2 : = k 72 + k 7% 

a 3 : = k 72 + k 75 + k 76 

a 4 : = k 72 + k u + k 75 . (32) 

It is now straightforward to find solutions which eliminate 10's from any 
sector we choose. For example, the choice k 7 ^ = k 7 ^ = 1/2 (along with 
k 2 i = k 3 i = 1/2 to preserve N — 1 SUSY) eliminates 10's from a 3 while 
keeping them in the other three sectors. Actually, for this particular k- 
matrix, we find (1, 10) 's in a 1 , a 4 and a (10, 1) in a 2 , as well as 2 x (10, 1) 
from a 5 and 2 x (1, 10) from a 6 , for a total JV(10) - iV(TO) = 5. This is 
easily fixed by setting /c 43 = 1/2, to eliminate a 6 ; the nonvanishing lower half 
diagonal A;-matrix elements for this model are then 

hi = k 31 = k 43 = k 7A = k 75 = i. (33) 

The net total for N(10)-N(T6) in this model is now three (3x 10 + 10 + 10). 
Computing the complete massless spectrum for this model, we indeed find 
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Table 2. SU{5) x SU(5) Spectrum for Model 2. 



Sector 


States 


Sector 


States 


00010003 


2x(5,l) 


00010011 


2x(l,5) 


00010012 


2x(l,5) 


00100000 


(1,10) 


00100003 


(5,1) 


00100011 


(1,5) 


00100012 


(10,1) 


00100111 


(5,1) 


00101100 


(1,10) 


00101103 


2x(5,l) 


10110110 


(1,5) + (5,1) 


10110111 


(5,1) 


10110113 


(1,5) 


10111000 


(5,1) + (5,1)+ (1,5) + (1,5) 


10111011 


(1,5) + (5,1) 


10111013 


(1,5) + (5,1) 


10111110 


(5,1) + (1,5) 


11010110 


(1,5) + (1,5) 


00000000 


(5,5)+ (5,5) 







that the correct number of 5's do appear in other sectors to cancel both SU(5) 
anomalies. The total gauge group with this particular fc-matrix is SU(5) x 
SU(5) x SU (4) x SU (2) x U(l) 10 (the hidden sector gauge group is enhanced 
by twisted sector gauge bosons). In addition to the above states, there are an 
additional 12 x (5 + 5)'s, 47 singlets charged under the [7(l)'s, and a variety 
of representations transforming under the hidden sector gauge group, from 
various sectors. The complete spectrum of SU (5) x SU (5) nonsinglet states 
is shown in Table 1. 

With this set of basis vectors (|31~D, we can now use the fc-matrix to tailor 
the appearance of 10's more or less to our desires. For example, we can 
eliminate 10's coming from the degenerate sectors by choosing the /c's to 
change them to 5's, and then alter the choice of fc's to switch the 10 in a 2 
to a 10. Choosing 

k 2 i = hi = h 3 = h 5 = k 70 = k 73 = k u = k 75 = 1/2, (34) 

we indeed find 10's from a 1,2,4 only, with the rest of the spectrum very similar 
to the previous example. The SU (5) x SU (5) nonsinglet spectrum for this 
model is shown in Table 2. To give a further example of the kind of freedom 
we have, suppose we wanted to have a model in which some sectors contained 
complete 1 + 5 + 10 multiplets. This can be accomplished by adding 1/2 
twists in V 7 such that complete multiplets survive from a 5,6 , in the same 
manner as in Eq. [15|. A careful examination of these sectors suggest the 
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choice 



V 7 = (0 Oil 000 000 I + 10 + + + + + + 000000) 
Along with a careful choice of fc-matrix: 



(35) 



: 21 — &31 — ^72 — ^73 — ^74 — ^76 — 



1/2 



(36) 



we find 1 + 5 + 10's in sectors a 5 , a 6 , and a 10 in sector a 4 , with 5's and 5's 
arising in various additional sectors, for a total of exactly three generations 
plus 14 5 + 5 pairs. 

The set of basis vectors, Eq. |28|, is not a unique set for which this method 
works. A computer search reveals a large number of solutions with the re- 
quired property, that the non-degenerate massless sectors not form a closed 
set. It is not clear how many are genuinely distinct and how many are just 
relabellings and permutations of the others, but at least some are distinct 
because they contain numbers of degenerate massless sectors. For example, 
making the replacement 



in Eq. |28] leads to a set of basis vectors which has four non-degenerate 16 
sectors and only two sectors with degenerate 16's, while the choice 



leads to a model with six sectors providing degenerate 16's. 

Much work needs to be done to see if these models are viable phenomeno- 
logically. These models all posess a large number of unwanted particles (14 
5 + 5 pairs and 50 or so singlets). Since these are in real SU(5) x SU(5) 
representations there is no obstacle in principle to their getting large masses 
after some moduli are given vacuum expectation values, although to actually 
see if this happens would require a detailed analysis of F and D-flat directions 
in these models. A preliminary look indicates that it would be very difficult 
to obtain a single large Yukawa coupling for the top quark in these mod- 
els, and the question of dimension four operators baryon number violating 
operators is not clear. The most serious problem in supersymmetric grand 
unified theories, the doublet-triplet splitting for the Higgs bosons, has not 
been addressed. 



V e = (0 000 000 011 I 5 5 101101000011) 



(37) 



Vg = (0 011 011 000 | l 5 l 5 110000110011) 



(38) 
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6 Conclusions 



Within the free fermion constructions, we have seen that it is surprisingly 
difficult, if not impossible, to construct three generation models based on the 
SO (10) group. This mirrors the results of other groups, pursuing different 
approaches. Whether there is any deep signifigance to this, or it is simply 
an artifact of the free fermion construction, is not clear. 

We have, however, identified a way of constructing three generation mod- 
els based on 577(5). The number three does not arise naturally in these mod- 
els, but arises only after a careful choice of projections. While the specific 
models constructed here do not appear to have any obvious phenomenolog- 
ical virtues, beyond the number of generations, they do demonstrate that 
there is at least one way around a barrier that has faced string GUT model 
building. It will be interesting to see if these constructions can be turned 
into realistic grand unified theories. 
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Note Added: After the completion of this work, []25] appeared, which ad- 
dresses some related issues from the orbifold approach. 
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